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We onsider phase transitions in 2d XY-like systems with long range dipole-dipole interations and
demonstrate that BKT-type phase transition always ours separating the ordered (ferroeletri)
and the disordered (paraeletri) phases. The low-temperature phase orresponds to a thermal
state with bound vortex-antivortex pairs haraterized by linear attration at large distanes. We
show that bound vortex pairs polarize and sreen the vortex-antivortex interation leaving only the
logarithmi attration at suiently large separations between the vorties. At higher temperatures
the pairs dissoiate and the phase transition similar to BKT ours, though at a larger temperature
than in a system without the dipole-dipole interation.
Phase transitions and long range order in 2d systems
are intimately related with dynamis of topologial exi-
tations (vorties) with logarithmi interations: the tran-
sition ours when vortex-antivortex pairs dissoiate at
a ertain nite temperature[1, 2, 3℄. This onlusion is
well established for a free system and does not quali-
tatively hange in a presene of a short range intera-
tion. The ground state of the system is not truly ordered
(there an be no true long range order) but superuid
at temperatures below the phase transition point. The
transition has been observed in numerous experimental
systems, suh as, most reently, weakly interating ultra-
old gases [4℄.
There are situations though when the mirosopi in-
terations are long range, as in a ase of a system with
appreiable dipole-dipole fores. The nature of the phase
transition under the irumstanes has a long history
[5, 6, 7, 8, 9, 10, 11℄. Dipole-dipole interation are shown
to lead to formation of a true long range order at small
temperatures, so that the ground state of a 2d system of
magneti dipoles is a ferromagnet [5℄. The spontaneous
polarization of the ground state has been also pointed out
in [6℄. Both works do not lear out the nature of the phase
transition, whih has been studied rst in [12℄, where the
orretion to BKT temperature was obtained in the limit
when the dipole-dipole interation is muh smaller than
the exhange term, and hene the orretion to the tran-
sition temperature is small. The author made an impor-
tant observation though: the interation between the vor-
ties was found to be linear at suiently large distanes
(see [10℄ for a reent disussion). Ferromagneti ordering
was studied in various model dipole systems theoretially
in [7, 8, 9℄ and experimentally in [11℄. Arguably, dipole-
dipole fores between water moleules on hydrophobi
surfaes lead to marosopi ordering of the moleular
dipoles suh as reation of marosopi hydrogen-bond
networks in biologial systems [13℄.
In spite of vast volume of the researh, the nature of the
disordering phase transition appears to be somewhat on-
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troversial. There are laims that the long range dipole-
dipole fores hange the physis of the phase transition
entirely transforming BKT vortex pairs dissoiation tran-
sition in a free system to a onnement transition similar
to that in quark-gluon plasma [10℄. Note, that transition
temperature is predited to be four times higher than
BKT temperature. Below we perform a systemati study
of dipole-dipole interation inuene in 2d systems at -
nite temperatures. We show that the interation leads to
ferromagneti ordering at low temperatures without on-
tradition to Mermin-Peierls theorem [14℄ and in a full
aordane to the earlier statements. The phase transi-
tion itself turns out, as in BKT ase, to be assoiated
with dissoiation of vorties. We alulate the transition
temperature, TC , as a funtion of the interations param-
eters. We show that the linear interation between the
vorties does hange the transition temperature, though
the vortex gas polarization sreens the long range linear
potential and transforms it to a logarithmi interation.
Therefore, in a system with dipole-dipole interation the
phase transition is essentially BKT, though the transi-
tion temperature itself has a ompliated dependene on
the model parameters.
At last we apply the developed model to water-solute
boundaries using the phenomenologial vetor model of
polar liquids [13℄. We show that spontaneous polariza-
tion of moleular dipoles next to hydrophobi boundaries
may our and a ferroeletri liquid lm may form. The
vetor model naturally desribes topologial exitations
on the solute boundaries. Sine the moleular dipoles in-
terat eletrostatially at large distanes, the dissoiation
of the vortex pairs an be assoiated with disappearane
of hydrogen bond networks in the ourse of order-disorder
phase transition in the hydration water layer [15, 16, 17℄.
Consider a plane layer of a thikness λ omposed of
interating dipoles. The unit vetor S(r) is taken parallel
to the dipole moment of a moleule residing at a point r
and is haraterized by the orientation angle θ(r): S =
(cos θ(r), sin θ(r)). The Hamiltonian of the interating
system onsists of the two parts:
GS = GH +Gdd, (1)
where the short ranged gradient term gives the energy
2a free system
GH =
1
2
M

Γ
df (∇θ)2 , (2)
and the long range dipole-dipole interation is repre-
sented by the following model term:
Gdd =
1
2
K

Γ
dfdf ′
(∇ · S) (∇′ · S′)
|r− r′| ,
where df is the element of the surfae Γ, whereas the on-
stants M and K haraterize the strength of the inter-
ations. The Hamiltonian has been studied in the limit
M ≫ λK in [5, 12℄.
Consider the ase of an arbitrary relation between pa-
rameters λK andM . At small temperatures T the dipole
system is ordered, i.e. all the dipoles point at the same
diretion, for example, along the x-axis (θ(r) = 0). To
prove that let us onsider the orrelation funtion of
the dipole orientation utuations: K2 (r) = 〈θ (0) θ (r)〉,
|θ| ≪ 1. Keeping quadrati terms in θ only and lineariz-
ing the Hamiltonian we nd that
GS ≈ 1
2
M

Γ
df (∇θ)2 + 1
2
K

Γ
dfdf ′
θy (r) θy (r
′)
|r− r′|
so that the orrelation funtion takes the form
K2 (r) = T

d2k
exp (ikr)
Mk2 + 2piKk sin2 α
, (3)
where α is the angle between wave vetor k and x-axes.
The integral in the r.h.s. onverges at small values of
k, therefore K2(0) is nite and hene the ordered state
is thermally stable. In fat the appearane of the linear
term in the integrand denominator resolves the ontradi-
tion with Mermin-Peierls theorem [14℄. It may even seem
that the orrelation funtion integral onverges solely due
to the nite value of the dipole dipole interation strength
(K 6= 0). The onlusion is in fat wrong: as it is lear
from Eq. (3), at M → 0 the integral diverges at α → 0.
It means that both terms in Eq. (1) denominator are
both equally important. Mathematially this analysis is
in full agreement with a well known feature of lassi
eletrostatis, the Earnshaw theorem: a system of lassi-
al harges interating with eletrostati fores only an
have no stable state [18℄.
To eluidate the nature of the ordered state let us on-
sider the orrelation funtion at large distanes r. The
main ontribution to the integral in Eq. (3) omes from
the two separate regions: |α| ≪ 1 and |α− pi| ≪ 1, so
that
K2 (r) ≈ 4T
M
√
pi
 ∞
0
dτ cos
(
xτ2
)
exp
(
−|y| τ
3
√
γ
)
(4)
with γ = 2piK/M . The alulation in Eq.(4) simplies
in the two following limiting ases:
K2 ≈
√
2T
M
√
|x| , |y| ≪
√
γ |x|3/2 ,
Figure 1: Polarization onguration S(x, y) orresponding to
a vortex-antivortex pair (VAP).
K2 ≈ 4T
3M
√
pi |y|1/3
Γ
(
1
3
)
, |y| ≫ √γ |x|3/2 .
The orrelations at large temperatures are addressed in
[10℄ and turn out to deay exponentially. The rossover
between the power laws found here for small T and the
exponential deay at large T suggests a phase transition
at some intermediate temperature TC .
To establish the transition temperature we apply a
set of familiar arguments (see e.g. [3℄ for further
explanations). Thermodynamis of a 2d system an
be mapped to thermodynamis of a gas of interating
vortex-antivortex pairs (VAPs) [19℄. Consider rst the
small temperatures limit:T < TC , TC − T ≪ TC . The
thermal state in this ase an be viewed as a gas of bound
VAPs. Sine the onsidered temperature is still below the
transition point, VAPs approah the dissoiation limit
and the pairs with large distanes r between the vorties
dominate. At suh separations the vortex-antivortex in-
teration is desribed by the linear term and the energy
of the system an be approximated as:
F ≈ NE0 + 1
2
K
∑
i, j
qiqj (−rij) = 1
2
∑
i
qiΦ (ri) , (5)
where N is the number of the VAPs and qj = ±1 are
the topologial harges assoiated with the vorties. The
rest energy, E0, is the energy assoiated with a pair
of a minimum possible separation r ∼ λ, where λ is the
size of the vortex ore. The latter quantity is is small,
model dependent and depends on mirosopi details of
the underlying physial system (suh as thikness of the
layer). The (quasi-eletri) potential Φ (r) is introdued
in analogy with lassi eletrostatis and amounts to the
energy assoiated with the interation of a given vortex
(harge) with all other vorties in the system:
Φ (r) = −K
∑
j
qj |r− rj | = −K

|r− r′| ρ (r′) d2r′,
(6)
3where
ρ (r) =
∑
j
qjδ
(2) (r− rj) (7)
is the vortex harge density. Note, that aording to its
denition (6), the potential Φ (r) satises the analogue
of Poisson equation
LˆrΦ (r) = Kρ (r) ,
where the linear operator Lˆr is dened so that
Lˆr (− |r− r′|) = δ(2) (r− r′) . (8)
Let us follow the eletrostati analogy even further: sine
the energy of a harge (vortex) q plaed in the external
potential Φ is U = qΦ, then the fore, ating on the
harge (vortex) is F = qE, where the quasi-eletri eld
vetor E = −∇Φ is assoiated with the potential Φ in a
normal way.
To nd out the energy of a VAP in a self-onsistent
eletri eld of all other pairs, let us dene the dipole
moment of a pair aording to
d =
∑
j
qjrj = q+r+ + q−r− ≡ r, (9)
where r = r+ − r−. Then, the energy of the pair is
U = q+Φ (r+) + q−Φ (r−) ≈ −d ·E. (10)
Let us pursue the analogy and alulate rst the polariz-
ability αP of a single VAP. The dipole moment of a pair
in a weak external eld E is given by a standard relation
〈d〉 =

dfr exp
(
r·E
T − KT r
)

df exp
(
r·E
T − KT r
) ≈ αPE, (11)
where αP = 3T/K
2
is nothing else but the pair polariz-
ability.
At the transition temperature, T = TC , VAPs begin
to dissoiate. It means that at TC − T ≪ TC only a
small fration of the pairs are very large and lose to
dissoiation. For this reason it is possible to neglet the
interations between the largest VAPs and alulate the
energy of single large pair approahing its dissoiation
limit in a loud of omparatively small bound VAPs. As
we have demonstrated above, the bound pairs are polar-
izable and therefore the eld of a harge is sreened by
the polarization of VAPs gas, thus inuening the poten-
tial energy of a large VAP. To nd out how exatly, let us
onsider the eet of shielding of a probe point harge Q
or the harge density ρQ = Qδ
(2) (r) plaed somewhere at
the origin. The omplete eletrostati potential Φ (r)
is produed both by the probe harge and the polariza-
tion harges of VAPs. The density ρP of the polarization
harges is given by usual expressions following from Eq.
(9): ρP = −∇ · P, where P is polarization of the vortex
gas:
P = nP 〈d〉 = χE = −χ∇Φ, (12)
with χ = αPnP and nP being the dieletri susepti-
bility of the gas of VAPs and the onentration of the
pairs, orrespondingly.
Combining Eqs. (8), (12) and (6) we obtain the om-
plete equation for Φ (r):
LˆrΦ (r) = K (ρQ + ρP ) = KQδ
(2) (r) +Kχ△Φ (r) .
(13)
Sine the Fourier omponent of the operator L¯r is Lk =
k3/2pi, we nd that
Φ(r) = QK

d2k
(2pi)2
exp (ikr)
k3
2pi +Kχk
2
. (14)
At large distanes, r ≫ r0 = 1/2piKχ, most ontribution
to the integral omes from small values of k where k3 term
in the denominator is negligible. Therefore the potential
of the harge at large distanes is logarithmi:
Φ(r) = − Q
2piχ
log
(
r
C1
)
, r ≫ r0, (15)
where C1 ∼ r0. In the opposite limit, r ≪ r0, the poten-
tial is linear: Φ(r) ≈ −Kr, r ≪ r0. Below we propose a
simple expression interpolating between the two results:
Φ(r) ≈ − Q
2piχ
log
(
1 +
r
r0
)
, (16)
so that the energy of a large pair of a size R is given by
EV AP (R) ≈ 2E0 + 1
2piχ
log
(
1 +
R
r0
)
. (17)
We note that although the dipole-dipole interations do
hange the interations between the vorties at small dis-
tanes, the polarization of the VAPs destroys the linear
attration at large separations between the vorties and
hene the phase transition assoiated with the dissoi-
ation of the pairs is qualitatively very similar to BKT
transition in a free system.
Standard alulation of BKT temperature for a vor-
tex gas with interation (17) gives the following impliit
equation for the transition temperature TC
T 2C =
K2
12pinP (TC)
. (18)
The density of nP at the transition temperature an be
alulated from the following argument. At T ≈ Tc the
VAPs just start to dissoiate and therefore the size of
a typial pair is small and the interation between the
vorties is still linear and unsreened and
nP (T ) = 2pi exp
(
−2E0
T
)
T 2
λ4K2
. (19)
Therefore, the Eq. (18) for the transition temperature
takes form
2pi
√
6
(
TC
λK
)2
= exp
(
E0
TC
)
(20)
4Figure 2: Graphial solution of impliit equation (20) for the
BKT-transition temperature TC . By R and L graphis of the
r.h.s. and l.h.s. are shown, orrespondingly.
The graphial solution of the equation is demonstrated
on Fig. 2. As it is lear from the graph, the solution of
the equation always exists and is unique.
Let us assume rst that the dipole-dipole interations
is small, i.e. λK ≪ M . Sine the energy of a minimal
vortex-antivortex pair E0 ∼ M , the transition temper-
ature Tc ∼ M , whih oinides with the standard BKT
result (TBKT = piM/2). This is preisely the limit on-
sidered in [12℄. In the opposite limit, M ≪ λK, the
exponent in the r.h.s. of Eq. (20) is approximately 1
and hene TC ∼ λK ≫ TBKT . The phase transition
temperature is indeed larger than BKT temperature, in
agreement with [10℄, although our analysis suggests that
TC an be arbitrary larger than TBKT .
Layers of water moleules on hydrophobi surfaes suh
as biologial membranes or large bio-moleules are an-
other interesting example of 2d systems with dipole-
dipole interations. The orientations of moleules next
to a maromoleular surfae depend on interplay of long-
range interations of the moleular dipoles and the short-
range hydrogen bonds between the adjaent moleules.
Sine an energy of unompensated hydrogen bond is large
ompared to the temperature, no water moleules an
point in the diretion of a hydrophobi surfae, and thus
all the water moleules next to the surfae have their
dipole moments parallel to the surfae. Marosopi po-
larization of the moleules s (r) = 〈S (r)〉 vanishes quikly
in the diretion of the liquid bulk. Therefore a water layer
next to a hydrophobi boundary an be studied with a
help of a model Hamiltonian (1) orresponding to a 2d of
interating dipoles (see [13℄ and referenes therein). A-
ording to the ndings of the urrent work the layer of
water moleules is ompletely polarized, s ≈ s‖, at very
low temperatures. Mirosopi parameters of water are
suh that M ∼ λK and therefore the marosopi polar-
ization and moleules orientation ordering disappears at
temperature
TC ∼M ∼ EHs2‖, (21)
where EH ≈ 25000K is the harateristi energy of a
hydrogen bond. The expression suggests that the transi-
tion temperature orresponding a ompletely hydropho-
bi surfae (s‖ ≈ 1) is always very large, the water
moleules are ordered at all realisti temperatures and
thus there always exists a marosopi hydrogen bonds
network on the surfae of the body. If a surfae is partly
hydrophilli, i.e. hydrogen bonds donors or aeptors ,
suh as harges, s‖ < 1 and already at s‖ = 0.3 the tran-
sition may our already at room temperatures. The
evidene of suh transitions is observed in moleular dy-
namis alulations [15, 16, 17℄.
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